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functisns ard in the zclu~
13 recessary to kuow hov 1O

compuration of thess sums, which con
~r 1n werms of puvars of the variable and
rupresentzd in tne form of an infinite
sxz. in this 3dentiiy iphe gosffisrents of

«onple are squal, and this enables us to compuie the

Euler gavs 8 aue"l
i3t 10 ACpAndILE

quataing thsm

1 grscotile, tnid metaod 1:ads o somplicated computations. T2
1rtate this somputd’ iod, Kayleigh [1 7 ek losexithms of both parts of the '

14y, nsing th? xR Aion inil oK) ard pressznting it 1n the form of & 8er-
Lz, Thus be V2R3 At . roppute the aulm Up +o the 10th powsT. We present her=

2 laszs direct bun soneiderable simpier mathod of ccmputing thesa sume, DBesides, F 2
the sams Tethod may te 8D 124 4o computation of the reot sum of Som® ordinary |

squaticns contaINing Teege)l functiomng.

Let 7\.,, Apsae bE s IunioBive values of roote of the Besasl funstion;
we shall dssigrats Lhe urknown $um? by:

(r) k=00 p _
o, ri = S oa:r; J, (,\k) = 0. (1)
K= .

Let us expand the Beazel fuagtioh Jy-7{ Bx} intc Dini [?__7 series in
funsticns J,_, (_'),/,x) . Thne serlize will have the following form:

@ (2)

J),_,(ﬁ.<)=dax“"+ ko;,_, (,\kx).
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n. &+
o the p;'—.a~:" probler trs rale of the term with 84 18 rather essential,
te-auss, as 15 ¥nT [ P 0757 thii term 18 indispensable 1D the expangion.
Thye cozfficlent a—) T3 determined by
(3)

2y [, (pe)xvde=2r £ “, (S

i ree -oeffivient By will b=
. s 7
S5 f N 7 .
A= aj J,-q (6’()\];_7 (A/,x)xc/x/gf C,,(ka)xc/x. (1)
Tne esurrent formula £or 1A rakipg (1) 1nto acsount will be:
Jys (),()..‘_-_ Ty (k) (5)
Teking Lr.1d ~rDfsIlih 1o arcount 4nd apriying the usuel recurrent
we fingily
Sy-r (Pi x)
y (6) .
x

rativa. ‘
Uiy (x)=2ui=r Ju(§)x7 7= <F
=i and /,'w‘....x o,
[

ol

J, ()
i [J'Z=7 TFEe gy OOp)

s obtein, after simple re-

Axzam? ng in :

Iucvisn,

he terms of expansion {6) by
xdx, integrats from

srder, we muitiply t
1, We obtein

thersafrer multiply agein by

=f nigher
4 m+1 times, we assume x=

To cbtain gums

Yax, we intsgrate frem O to K,
0 to ok, and 8 M. after vAving integrats
S &1 T (B} 5 J
4 i './ - ‘\G _ = A’_ ( ﬂ——_‘-————
- ¢ e )% S () ° ﬁ)z PERIP VR fu—;(ﬂk) 8
Az far as 7k,( 15 a rost of 1he Begsasl funiiion of y-th order, ve 80 write,
by using lommzl’s JENS 322] peiyormials,
‘];-f— Ak)——_—‘/‘/—/ (Rk)’()m—/,)/—f-/ (Ak)‘ (9)
we obtain after some reduction,

o shia value 1n the rAPANSICH,

Rv substituting t

E assumrg B-»0
(7]

TR FI (AT (ot m +2)

k= (m—=1)
=% 7 ”WE’ (1) (et I [ t-m =) 524 (10)
L A, 2% /(m-—/ oI oA 1)
Tris exprezsion 13 valid for m > 1, end assuming m taking the values
. 1, 24 3y ove aucmesgively, we obtain o) (r) for 8ll even powers, starting with
four o
iaigh., Besides, we still can com~

=5 obtain=d by Ray
the previous method:

Thus, we gzt all valu
scmputed by t

pute the following valus=g, not
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[ YRR aR LY et o AN e o 7 7F ’
a, —:—,z//(u—rﬂ/)5(V+2)J(,,71_3)2(}/4_4)(/:/_/_5_)(”_/_6)

(7 33y 3290 R A 708 v A~ [ IHE ) (11)
il onnt bk e YL O LI T Y v 2 X yF7)

Tre sur of on(¢) was ramputed by Ko11 [I_(elley_f/ﬁ, p 5547 by a method
which may be applied ouly in tue -asa iF r is a pover of two. We repeated
®ell 3 resuita by o omethod and i addition -omputed g—yff} and (70 which

s

v DrELAGh

Ty T A e ) v+ v FAI A+ St €0y +7)v+8)(» 73

(2 151 T E T A [TEEES 1A T80.74 v 4 221707y - J2128% 71+ 18 270FE

(12)

) R, A AT v o 235 A7 T 14291 72 7240 2 RISEHEI P 128969 175 T AL IOBIHE,
2 s ) A SR I 6 ) (od EN A EN v A 18D

Jged Dy aszuwning ;'=%2 . then, these 3ums are "
bers /2. F 7wu7.1 For lamrge values of the exponsn-

m Te Aetovimined by the firsu roat A, with
< a wunber of pronlevs, ttis root may be aimply zom-

rooe f Sropoeer fromothe whole zum,

cr hs wmown /4 F 7 trat the capansice of Dind o 1s poszible in roxta 5 of

the Ol LOWLLE =quatlan

s '/ P P ; /
o u,(w)_//v’}(o;()—& vt Y% 20 (13)
L=t us designat-
4=co
) 5—2 S
v o (14)

Thete sumd mAY be Pound Dy tos sams Toth vy expanding in & series. By
sxpanding 16 roots of sguation 131 4t 18 nEoesiary to di1stinguigh three cases,
1n the second and thard 2 t o1& nesesiary o introdute different terms with

a.. Theuse cases are the T
o

L1oWGE S
2) vt »o k) v=H: ) u<H (15)
.

We spall dissuss the first cass woen y >8>0, it 18 thke simplest case
tazause in Thé SXPALELIN 12} ths term with 34 is absent (3). Let us expand
ths function J'y(px) i J,,:_S}x?, afrer usual reductions the series will take
the aspect: '

g J £ bi JL (8]
(Bx)=2[By- )— (v+ HIV, £ 16
L) = 2001 ()= (ot (BT 2 T o P P e

Let ug assume x=1 and ‘8 w0, then afrer reduction we obtain:

o) _ h= 7

= Y SE———_
P AZ-=/ SE= (v2_pe) R (v—H -7
We multiply the expansicn {16) by 5¥#/dx and integrate from O to x, then

multiply again by xdx and again inptegrate from O to ¥, and so on m times, We

cbtein by assuming x =13
6—.’” Jl/—f—/r? ({8):‘

; gy <2 7 Sy (§
= A[ﬁ\]y—/(ﬁ)—()/’/“/'/) J)_/ (p)]kz Sk/n—,z {5; —-‘81)[5;‘——()/2—/@_7—%73; (18)
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Fyem eypretian {13} we cotain by using the recurrent ratio
. g _yrH c 3 '
. UV—/(S&)—“’;\—“JL(OK/‘ (19)

Using thts equality, we ctatn the folloving relation between Bessel func-
11on3 of varicus crdeve, eypreszed 1n Lemma ‘s polynomials:

Typri (5 )= R, ey )— ,U_(;i/:_ff Rz, vp 1 (53 )Ty /é}) (20)

. g . D)
Cobatituting this vaiud an {181 ard asewing oS-+ 0, we obtain after trans-
foymanion

n< nyid
] — Tt 1) -
ny( P /}‘/—M(;’//‘)‘/'/,/ : };im[);j_/yz__/_/;)] ,ga( /j [/’/‘7(1/ b/) + (21)

5 B /»n—-ﬂ—-//‘,//»/y«/r /17——_-7) R4
B YN = i b

Fyom thid =apc oLoby Sulesalve computati ons we cbtain & 52T ez of ex~
presaions of

7
Sf’[éi——fy’*—ﬁ'z)] ’ (22)
The UnRLOWD UM AT feynd the folliwing vay.
p = ) (p2—HD P (23)

T preeant aeveral sums ',/'/f’k scmputed By this mathod:
) ptEH oy AL £7) 4 (w217 i
vy s Eomer-y R T R R AR (2k) ,
P ffz,ﬂ_f_,~,¢_f,—J%‘zjﬁciﬁngﬁzgyjuﬂﬁﬁn Y ) O 2N
i e+ 2) Y43 (v —H)Y
of prastical interest is tpe -ass when H=0, then. the roots 24 bacome
sts »f +*he dzrivative &f the Beazel function. In thiz case the expressions )7y(f)
- onsiderably simplified.

re

In tha presentsd semnnd mags of 4351 for the s amditions for expansicn when
V=¥, the roots 54 hesoma rooLE of the Bessel Tuaction of w41 order, which
sorvesponds to he problem juitiaily discussed.

T the third case of {17}, vhen ¥y< 1, squaticn (13) possesses an additional - .
two imaginsry roits £ 6, {2, p 53], 1t follows from the expansion theory

2 7 trat in this <832 the Term &, &8IED equals zero and 18 expressed by the
magnitude 3, o Following the pravisua eyamples in & similar way, We may here-

tos obtain the sum 7;,"'“

[t 1& of ipterest to remark that the sums a;,(") and 7,”) may also be obtained
by expendiug x ¥ into a seried in functions Jy—,{,x) ard Jy_, (5,x). This 18
the method by which Rayleigh [ 3__7, {n sme of hia problems with epherical resona-
tors, obtaired the value g’ accordise 4o our desigoation, and Lamb /- L 7 gener-
alized this result for l?[f} (17). These werks had no further develcpment although
the computation of rocta of this kind of transcendental equations was within the
range of interests ¢f mathematical physics of that time. Probably the lag in the
development of this mathed was dus te the fact that at that time the value of
the additional term with 8, in the expansiorn into & Dini series had not yet
pean found., Much later, 4p 1008, the need for introducing these terms was pointed :
out by Bridgeman [ 5_/; however, 1% 1s ot to be found in later menuals. To ob- .
tain the limited result of Lamb or Reyleigh, ths absence of the additional term ]
nad no affect.
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